We investigate the equilibrium and non-equilibrium transport through a quantum dot in the Kondo regime, embedded between a normal metal and a topological superconductor supporting Majorana bound states at its end points. We find that the Kondo physics is significantly modified by the presence of the Majorana modes. When the Majorana modes are coupled, aside from the Kondo scale TK , a new energy scale T * TK emerges, that controls the low energy physics of the system. At low temperatures, the ac-conductance is suppressed for frequencies below T * , while the noise spectrum acquires a ∼ ω 3 dependence. At high temperatures, T TK , the regular logarithmic dependence in the differential conductance is also affected. Under non-equilibrium conditions, and in particular in the {T, B} → 0 limit, the differential conductance becomes negative. These findings indicate that the changes in transport may serve as clues for detecting the Majorana bound states in such systems. In terms of methods used, we characterize the transport by using a combination of perturbative and renormalization group approaches.
I. INTRODUCTION
Topological phases supporting Majorana fermions constitute an active topic of current research in the condensed matter community, motivated by the pursuit of fault-tolerant topological quantum computation [1] . In general, Majorana bound states (MBS) appear as zero energy electron-hole states of a superconductor with broken spin degeneracy. At present, their existence has been predicted in a variety of systems, such as p-wave spinless superconductors [2] , three and two-dimensional topological insulators in proximity to a superconductor [3, 4] , the ν = 5/2 fractional quantum Hall state [5, 6] , cold atom wires [7] , optical lattices [8] , quantum dot chains [9] , superconductor -double quantum dot systems [10] , and helical Shiba chains [11] [12] [13] . It was recently proposed that MBS can be engineered by inducing superconductivity in a semiconducting nanowire with strong spin-orbit coupling [14] [15] [16] . When such nanowires are exposed to a magnetic field, they are driven into the topological phase supporting MBS at their end points.
As the MBS modify the transport properties of the nanowire device, several experimental detection schemes were proposed. Tunneling spectroscopical measurements of the zero bias anomaly could support the hypothesis of MBS [17] [18] [19] , while other do not rule out alternative explanations, such as the Kondo effect [20] , and emerging subgap states [21] . Alternatively, at equilibrium, in a Josephson junction, the presence of the MBS enables not just the tunneling of Cooper pairs but also of single electrons, amounting to a doubling of the periodicity of the Josephson energy [22] [23] [24] [25] . Measurement of nonlocal noise cross correlations of two well-separated dots mediated by MBS was also proposed as a test [26] [27] [28] . In other approaches, a quantum dot coupled to two normal leads and to a topological superconductor supporting MBS would show dynamical electrical features that could confirm the presence of MBS [29] [30] [31] . Finally, other proposals include the measurement of the anisotropic susceptibility of a probe impurity [32, 33] , interferometric schemes [34] [35] [36] , and spin-polarized scanning tunneling microscopy [37] . Although these investigations have made important steps toward the observation of MBS, a clear fingerprint that can provide conclusive evidence for the existence of MBS is still missing.
The purpose of this work is to provide a general analysis of the transport across a quantum dot (QD) embedded between a normal metal and a nanowire-type topological superconductor [38] [39] [40] [41] , as presented in Fig. 1 . As the transport and spectroscopic measurements are the most accessible ones, we shall try to identify possible changes in transport coming from the interplay with the Majorana modes. Throughout this work we shall focus on the situation when the dot is in the local moment regime, described in terms of the local spin S. When the charge fluctuations are neglected, the exchange coupling between the dot and the normal metal (NM) lead is given by the Kondo interaction with J the Kondo coupling, which in general controls the Kondo temperature
Here, 0 is the density of states for the electrons in the normal electrode, and 2D is the bandwidth of the conduction electrons. Although Eq. (2) defines the Kondo scale in the absence of the MBS, we shall prove in Sec. IV A that this definition indeed extends to the case when the TSC is coupled to the dot, and that T K can be defined only in terms of the dimensionless coupling j = 0 J. In Eq.
(1), the field operator
creates an electron with spin σ in the normal lead, and σ are the Pauli matrices. While the Kondo screening of the dot spin by the conduction electrons of two normal contacts is well understood by now [42] , it is interesting to understand how the Kondo correlations develop when a normal metal lead is replaced by a topological superconductor. It is known that in a NM-QD-Superconductor setup [43, 44] , the Kondo correlations and the superconducting correlations controlled by ∆, the superconducting gap, compete and influence the ground state of the magnetic moment. As a consequence, a quantum phase transition emerges when T K ≈ ∆. On one side of the transition point, when T K ∆, a singlet ground state is formed, as the local spin becomes screened, while in the opposite limit, ∆ T K , the ground state becomes a doublet, as the spin does not couple to the environment.
Here we are interested in what happens to the Kondo correlations and to the transport across the dot in a slightly different configuration, when a normal lead is replaced with a nanowire in the topological superconducting (TS) phase. For a non-interacting wire, the TS phase emerges when h > ∆ 2 + µ 2 [8] , where ∆ is the pairing amplitude inherited from the nearby superconductor, µ is the chemical potential and h is the Zeeman energy of the external magnetic field. In the presence of strong interactions, it was recently suggested [45] that such systems support Majorana fermions even in the absence of a magnetic field. When the gap is large, as we are interested in the low energy physics, E ∆, it is a reasonable approximation to model the TS phase simply by a pair of MBS formed at the ends of the wire [38] . In this case, the length of the nanowire influences the hybridization ξ of the two Majorana modes. It is exponentially small and depends on the length L of the superconductor as ξ ∝ exp(−L/ζ), with ζ the coherence length of the TSC. When L ζ, the MBS states become decoupled, since ξ = 0.
The interplay between the Kondo and Majorana physics is analyzed by constructing an effective Kondo Hamiltonian, in the spirit of the Schrieffer-Wolff transformations [46] , from the single impurity Anderson model described by the Hamiltonian (A1) in Appendix A. By projecting out the empty and doubly occupied states of the dot, an effective Hamiltonian of the form (9) is obtained. We consider the configuration in which the normal lead is much more strongly coupled to the dot than to the MBS [38] , which translates in terms of the Kondo couplings to J J M in Eq. (9) . In the present work we shall characterize the equilibrium (i.e., zero voltage) and non-equilibrium conductance, investigate the correlations of the current I(t) across the dot in time
and determine the noise spectrum. In terms of the methods used, the analysis of the equilibrium ac-transport is carried out by using the numerical renormalization group (NRG) approach [47] [48] [49] . To obtain a clear picture, in the weak coupling regime, {ω, T } T K , we supplement our numerical results with analytical perturbative and renormalization group calculations. To address the outof-equilibrium situation, the current-voltage characteristics are obtained by using a modified version of the real time functional renormalization group (fRG) approach on the Keldysh contour, developed in Ref. [50, 51] . As we shall see, the ac-conductance and noise spectra display a very rich structure. When ξ = 0, as shown in Fig. 2 , below the Kondo temperature T K , a new energy scale T * emerges, below which the conductance vanishes [39] . As we shall explain below, the inelastic cotunneling processes become suppressed below T * when the even-odd degeneracy of the Hamiltonian sectors is broken by ξ = 0. Furthermore, in this regime, the noise spectrum scales as
with α a constant of the order ∼ 1. This behavior has a simple physical explanation in terms of parity conservation: In the absence of a parity relaxation mechanism, an electron injected from the normal lead can give rise 
(Color online) Frequency dependent conductance G(ω) and current noise S(ω) at T = 0 for ξ = 0 and ξ = 0. The characteristic scale T * is a manifestation of the parity conservation and can be associated with the energy below which the cotunneling events become suppressed.
with a certain probability to an outgoing electron in the TSC lead. Before such a process can occur, another electron from the normal lead must be injected, which restores the parity of the initial state, and therefore two electrons must be transferred across the dot. Thus, at equilibrium, no transport is possible and G(ω → 0) = 0. In the small frequency limit, G(ω) ∼ ω 2 , and by the fluctuation-dissipation theorem this implies a |ω| 3 dependence in noise spectrum in Eq. (5) . At energies of the order ω ∼ T * , the inelastic cotunneling processes are restored, and a half unitary conductance emerges. As a result, the noise acquires a linear dispersion, as given in Eq. (27) . The S(T * ω T K ) ≈ α ω + . . . dependence is a consequence of the Fermi liquid nature of the Kondo state [52] .
The Majorana modes change also the high energy behavior. In the perturbative limit, the "regular" Kondo transport is characterized by a logarithmic dependence on energy, as the differential conductance is well described by the expression [51] G({eV, T, B}
with V the bias across the dot and B the external magnetic field. This behavior is a hallmark of the Kondo effect, and the divergence in Eq. (6) when T → T K , indicates the breakdown of the perturbative approach.
A perturbative treatment, backed up by the NRG analysis, indicates that for the hybrid system that we consider, the standard Kondo behavior is modified, and that the differential conductance shows a much stronger decrease as a function of energy. For example, the temperature dependence in G(T ) is captured by the expression
with p a simple number giving the asymmetry of the dot, as defined in Sec. II. Our perturbative result is in agreement with the one obtained in Ref. [38] , where a similar temperature dependence was obtained. When compared to the regular Kondo behavior, [52] , the equilibrium acconductance G(ω), as prescribed by Eq. (25), is also modified. (see also Fig. 2 for the NRG results). As a result, the leading logarithmic corrections for the noise is found to be
It indicates that the noise decreases with the frequency, which is strikingly different from the the almost linear dependent spectrum, S(ω
, that develops in the regular Kondo model [53] .
So far we have restricted our discussion to the equilibrium situation. The description of the non-equilibrium problem is in general difficult since the perturbation approach fails, as a resummation to infinite order of the most diverging diagram is in general needed. In that regard, in Ref. [51] we have developed a real time function renormalization group (fRG) formalism that provides an elegant solution for investigating the non-equlibrium transport. The method is related in spirit with the other fRG approaches developed in Refs. [54, 55] . In the present work we extend the formalism to the setup configuration in Fig. 1 . Like all the other RG approaches, the fRG is suitable only in the weak coupling regime, where max{eV, T, B} T K . At present, we are not aware of any trustable method that can access the strongly coupled limit at non-equilibrium, and this is the reason why the non-equilibrium configuration is investigated only in the perturbative limit. In the fRG approach, the effective interactions become local in time, and they satisfy an integro-differential set of equations, as shall be discussed in more detail in Sec. IV A. Here, we just want to point out that the dimensionless renormalized exchange interaction, j M (ω) = ρ 0 J M , that couples the dot to the MBS, and defined in Eq. is presented in Fig. 3 (lower panel): In the {B, T } → 0 limit, the differential conductance becomes negative. This behavior can be understood in terms of the resonant transmission between the normal lead and the MBS. It is shown in Eq. (49), assuming ξ = 0, that up to a prefactor, the average current I is simply given by
). At T = 0, the leading logarithmic correction (the first term in (50)) vanishes, and only the sub-logarithmic correction (second term in (50)) survives. Then, the differential conductance becomes negative. At intermediate voltages and when T > 0, the leading contribution becomes dominant and restores the differential conductance to a positive value. On the other hand, at finite temperature, the tanh function has a finite derivative, which can reverse the slope of the current.
The emergence of the new energy scale T * , together with the results for the conductance and noise presented in Eqs. (5), (7) and (8), and the prediction of a negative differential conductance under non-equilibrium conditions, are the main results of this paper. They pinpoint significant changes in the transport across a dot in the Kondo regime as a consequence of the presence of the Majorana modes.
The rest of the paper is organized as follows: In Sec. II we shall introduce the Kondo Hamiltonian for the system. Its derivation is detailed in Appendix A, by performing a Schrieffer-Wolff transformation [46] to the single impurity Anderson model that takes into account the coupling to the Majorana modes explicitly. In Sec. III we shall focus on the equilibrium regime, for which we employ the NRG technique to investigate the conductance and noise spectra in both the weak coupling (Sec. III A), and the strong coupling limit (Sec. III B). In Sec. IV we construct the FRG approach and use it later in Sec. V to compute the non-equilibrium conductance in the perturbative regime. We give our final remarks in Sec. VI.
II. HAMILTONIAN
We shall assume that there is a single spin S = 1/2 in the dot, that couples to the electrons in the normal lead and to the Majorana fermions through the Kondo interaction
The first term describes the regular Kondo interaction between the localized spin and the normal lead, while the second term describes the coupling of the normal electrons to the Majorana fermions, mediated by the localized spin through the exchange interaction J M . Such an "anomalous" term arises when performing the SchriefferWolff transformations of an underlying Anderson model (Appendix A). Here,
describes the Majorana field. As we shall see in Sec. III A, the relevant quantity that enters the transport equations is the asymmetry of the dot defined as p = J M /J. Here we only address the strongly anisotropic situation corresponding to p 1. In the configuration presented in Fig. 1 , the Majorana mode γ 1 is the one that couples to the dot. We chose it to be polarized along the spin ↓ y direction, so it couples to the y-component of the dot spin [39] . Then, the couplings to spin-↑ z and spin-↓ z directions are the same in amplitude but have different phases u σ = 1/ √ 2{1, −i} T . In our convention
while the other mode γ 2 = i(f − f † )/ √ 2 resides at the other end of the topological superconductor. In Eq. (10), f † are ordinary fermionic operators, which implies that the MBS operators γ n anticommute, {γ 1 , γ 2 } = 0, but also satisfy the relation γ 2 n = 1. Notice that f carries no spin index, so the occupation of the Majorana mode is n f = f † f = {0, 1} only. The normal lead is described by the Hamiltonian
with µ N the chemical potential given by µ N = eV /2. The electrons in the leads are assumed to be non-interacting, and the energy is measured from the chemical potential. The operators in Eq. (11) satisfy the usual anticommutation relations
In the f -representation, the Hamiltonian that describes the MBS is:
with µ M = −eV /2. An external magnetic field enters through the dot Zeeman splitting,
and is assumed to have no effect on the dynamics of the external normal lead [56] . The total Hamiltonian
captures the essential physics for our set-up. Under equilibrium conditions, µ N = µ R = 0, the problem can be solved exactly [47] by mapping the system to a Wilson chain and solving it with the help of NRG method [57] . We first note that H T has a Z 2 symmetry, as it conserves the parity P of the total fermionic number [58] . Because of the anomalous terms ∼ ψ † σ f † that enter the interaction Hamiltonian (9), neither the total charge nor the total spin are good quantum numbers, as their corresponding operators do not commute with the Hamiltonian (15) . Therefore, we can use only one quantum number P = {e, o}, to classify the multiplets of the Hamiltonian (15) as having even or odd symmetry [59] .
III. EQUILIBRIUM AC-CONDUCTANCE AND NOISE
To analyze the transport, we have to define the current operator. With the convention that the current describes the flow of the electrons from the normal lead into the dot, the corresponding operator is obtained from the equation of motion for the charge operator
in the normal lead as:
and it can be expressed in terms of the F σ = (S σ ψ) σ , the so called composite fermion operator
The ac-conductance can be obtained by using the Kubo formalism as:
with (I, I) ret ω the Fourier transform of the retarded, time dependent correlator
It is useful to introduce a new local operator, the composite Majorana operator C σ = (F † σ Φ σ − H.c), in terms of which the real part of the ac-conductance can be expressed as:
with CσCσ (ω) the spectral representation of C σ . The dc-limit of the conductance can be obtained by taking the ω → 0 limit in Eq. (21), G = lim ω→0 G(ω). At equilibrium, the spectrum of the symmetric noise, S(t), is related to the real part of the ac-conductance through the fluctuation-dissipation theorem [60]
Since C σ are local operators, their spectrum can be computed exactly by using the NRG method [61] . As we are interested in the current across the dot, the acconductance G(ω) depends only on the dimensionless coupling j M . We analyze separately the two different regimes that usually emerge in Kondo problems: (i) the low energy, strongly correlated regime, where the parameters {T, ω} T K are small compared to the Kondo scale, and (ii) the perturbartive, or the weak coupling regime, {T, ω} T K , where the problem can be described perturbatively in j M .
A. T=0, weak coupling regime, ω TK
When the exchange coupling in Eq. (9) is treated perturbatively, one can evaluate the noise order by order in j M . In the zeroth order, using definitions (4) and (18), the ac-noise is computed as
and by the fluctuation dissipation theorem, Eq. (22), the perturbative results for the ac-conductance is then:
Summing the higher order contributions introduces logarithmic corrections to the couplings. To compensate for these terms, it turns out that to is sufficient to replace the bare coupling with its renormalized value j M → p/ ln(|ω|/T K ), which gives for the conductance
As explained in Sec. I, this result is in contrast with the usual 1/ ln 2 (ω/T K ) dependence that develops in the regular Kondo model in the same limit. Because of the extra ω dependence at the denominator in Eq. (25), the ac-conductance is expected to increase more steeply as ω decreases toward T K . Except for a prefactor, the finite temperature behavior of the differential dc-conductance follows a similar trend, as shown in Eq. (7).
B. Strong coupling regime, ω TK
As the frequency approaches the Kondo scale, the leading logarithmic correction in (25) diverges, signalling the breakdown of the perturbation theory. Symmetry considerations indicate that in the strongly correlated regime, there is a clear distinction between the limits when the MBS are hybridizing (ξ = 0) or not (ξ = 0). When ξ = 0, the multiplets with {e, o} symmetry are degenerate in energy, and the transmission across the dot is at resonance. Below T K , the transport is realized by inelastic cotunneling processes by exciting parity degrees of freedom. In the T = 0 limit and for ξ = 0, by the Friedel sum rule, a half-unitary conductance is expected
as the average occupation of the QD-MBS system is n tot = 3/2. In the small energy limit, G(ω) = G(ω = 0) + . . . remains practically constant [62] . As a result, the low frequency noise is linear in frequency
These estimates are nicely captured by the NRG results presented in Fig. 2 . The linear S(ω) ∼ ω dependence of the noise, is also predicted in the regular Kondo problem [52] , so that as long as the MBS are completely decoupled, S(ω) has the same linear dependence. When the degeneracy of the multiplets is broken (ξ = 0), there is a dramatic change in the conductance, and a smaller energy scale T * T K given by
emerges. At large enough frequencies, but still in the strong coupling regime, T * ω T K , the cotunneling processes are still responsible for transport, and implicitly G(ω) ≈ e 2 /h. In the small frequency limit, ω T * , the cotunneling processes are strongly suppressed. As the ground state becomes non-degenerate in the {e, o} space, only higher order processes survive, in which at least two particles are exchanged with the normal lead. As a result, the ac-conductance is strongly suppressed below T * ,
with α the same constant as in Eq. (5). In this regime, by fluctuation-dissipation theorem, the noise acquires a S(ω) ∼ ω 3 dependence. Although the transport is governed by higher order processes, the NRG spectrum guarantees that the new fixed point is still that of a Fermi liquid in nature. The characteristic energy T * affects the spectral functions of all the local operators. In Fig. 4 we represent the spectral function A γ1 (ω) of the Majorana operator γ 1 defined in Eq. (10). We can see that A γ1 (ω) shows a similar dependence on frequency to G(ω), and gets suppressed below T * . This can be understood by that fact that both the normal and the anomalous spectral functions of the f-operator used to construct A γ1 (ω) display a large peak close to zero frequency with a width of the order of T * . These large peaks in the two functions have opposite signs, leading to a total suppression of A γ1 (ω) below T * . When ξ → 0, each peak narrows down and increases in height, transforming into a zero-energy δ-peak, which can be associated with the decoupled Majorana modes [30] . The effect of a non zero magnetic field is displayed in Fig. 5 . As expected, a finite B decreases the Kondo temperature, but as long as ξ = 0, the lowfrequency conductance remains unaffected. For finite ξ, we have found that T * increases logarithmically with B for B ≥ T K , but the conductance still displays the ∼ ω 2 behavior below T * . Although we apply an external magnetic field, we do not separate the conductance into spin channels, as the spin is not a good quantum number. 
IV. FRG APPROACH AND THE KELDYSH ACTION
In contrast to the equilibrium situation, the nonequilibrium problem with H T defined in Sec. II does not possess a complete solution, not even numerically. That is because below the Kondo scale, T K , defined in (2), the couplings get strongly renormalized, and eventually diverge as the problem scales towards the strong coupling fixed point.
In the present section, we shall construct a framework for computing the conductance under non-equilibrium conditions in the weak coupling regime, under slightly more relaxed conditions, where at least one of the energy scales involved is larger than T K , i.e. max{eV, T, B} T K . We shall discuss the major aspects of the method: (i) how the RG equations for the couplings can be obtained and solved, and (ii) analyze possible channels of decoherence of the local spin.
As we are dealing with a non-equilibrium situation, we use the Keldysh formalism, and for that we first express the local spin S in terms of the pseudo-fermion operators a s by using the Abrikosov representation [63]
They give the correct physical states provided that the dot is singly occupied. To ensure this constraint, we have to add a Lagrange multiplier to the Hamiltonian:
We also switch to the path integral formalism. The partition function is constructed in the usual way by replacing each fermionic field by a Grassmann variable [64] 
with κ = {1, 2} labeling the upper/lower Keldysh contours. These Grassmann fields depend now on time, and it is customary to write the path integral for the statistical sum as:
with the total fermionic action: S = S N + S M + S spin + S int . The non-interaction part, S N , describes the electrons in the normal lead: (34) where Ξ κκ (0) ij are again the four components of the corresponding Keldysh Green's function (see Appendix B), and we have a similar S spin term for the localized spin. These kinetic terms S M , S N and S spin are quadratic in the fields and determine the non-interaction Green's function for each species of fermions. The interaction part, S int ∝ H int dt, can be written in a relatively general form by considering that the exchange interaction is no longer an instantaneous process, but acquires a time dependence [51] 
Replacing the couplings by the time dependent ones, the interacting action becomes
The first term in S int describes processes where the electrons are scattered in the normal lead, and are responsible for the regular Kondo effect. The second term involves the Majorana modes, and describes processes in which one electron at time t is scattered by the spin fluctuation into the MBS at time t . The spin fluctuation itself happens at some intermediate time T = (t + t )/2. The electronic processes are considered to be instantaneous, without any decay. We neglect the self-energy of the conduction electrons in the leads, but in contrast, the much slower spin flip processes are characterized by a decay rate that will be discussed in more detail in Sec. IV B.
A. RG equations for the dimensionless couplings
In this section we shall construct the scaling equations for the exchange couplings by following the work in Ref. [51] . The general recipe consists of expanding the action S in terms of S int given in Eq. (36), followed by a rescaling of the cutoff parameter a → a . It leads to a set of integro-differential equations for the renormalized couplings. As noticed in Ref. [51] , it is simpler to analyze these equations in the Fourier space, as they acquire a simpler structure. We shall not present the full derivation here, but only give their final form 
Here l = ln(a/a 0 ) is the scaling variable, and a 0 is the initial value of the cut-off time. We also used the notations ω ss = ω + (λ s − λ s )/2, while Θ ω = Θ(1/a − |ω + i Γ|) is some cutoff function that can be chosen to be the Heaviside step function [50] , with Γ the relaxation rate serving as a cut-off energy (see Sec. IV B). The pseudo-fermion energies are simply given by λ s = −sB/2. To get a better understanding of the processes involved, we illustrate in external magnetic field, λ s = 0, and by using the symmetries of the coupling matrix, it is possible to reduce (37) to a much simpler form [51] 
Here Θ(ω, a) = Θ ω−µ N . The equation for g(ω) is independent of v(ω), and solely defines the Kondo scale T K . To understand that, we notice that in the static limit, ω → 0, Eq. (38) reduces to the 'poor man's equation', as first derived by Anderson [65] , with the asymptotic solution g ≈ 1/ ln(D/T K ), and T K defined in Eq.
(2). The other equation can also be solved analytically in the same limit, and a similar behavior is found, namely v ≈ p/ ln(D/T K ). On the other hand, in general, the coupled set of equations (38)- (39) can be solved only numerically. Typical results for the renormalized couplings in the absence of the external magnetic field, are presented in Fig. 7 . The couplings show a single logarithmic divergence at frequency ω eV /2, which corresponds to the voltage applied to the normal lead. In the very high-frequency limit, the couplings lose their logarithmic behavior and tend to a constant value corresponding to the bare couplings. 
(Color online) Renormalized couplings for three different voltages at zero magnetic field, taking p = 0.1. Both g(ω) and v(ω) show a logarithmic singularity at ω = eV /2.
Applying an external magnetic field, the logarithmic divergence at ω eV /2 is split, and the couplings develop peaks at ω (eV ± B)/2. In Fig. 8 we present the results for some of the components of g(ω) ≡ g σσ ss and v(ω) ≡ v σσ ss , when a magnetic field of B = 100 T K is applied. As the relaxation rate increases with B, the peaks are broader and reduced in amplitude as compared to the B = 0 case.
B. Decoherence effects
In this section we shall use the master equation approach (ME) to give a quantitative description of the 
FIG. 8. (Color online)
Some of the components of the dimensionless renormalized couplings g σσ ss (ω) and v σσ ss (ω) in the presence of an external magnetic field B = 100 TK . In the present calculation we fixed p = 0.1. The logarithmic singularity at eV /2 when B=0 is now broadened and split into two separate peaks at (eV ± B)/2. relaxation processes. Within the ME approach we usually start by considering that initially the dot is in a certain spin configuration: either in a spin-up (S =↑) or spin-down (S =↓) state, then let the system evolve from one state to another by means of scattering processes between the NM and the MBS leads. As these processes are random, they are characterized by some scattering rates, γ S ←S F ←I . These rates describe the cotunneling processes in which an electron leaves the "lead" α = {N M, M BS} in state I, while another electron enters "lead" β = {N M, M BS} in state F , and at the same time the localized spin is flipped, going from S → S . At finite temperatures, the scattering into the NM lead alone dominates. These processes take a random time of the order of τ Γ ≈ h/(πj 2 T ), as we shall see below. Therefore, it is justified to introduce a typical time scale τ Γ ≈ h/Γ and a typical energy Γ that characterizes the relaxation processes. On the contrary, at T = 0 and B = 0, the only relevant scattering processes are those where the electrons/holes are exchanged between the NM and MBS. Processes where only the Majorana lead is involved, are ∝ |η| 4 and will be neglected. Here η is the hopping matrix between the QD and the Majorana lead. Considering for example the processes in which an electron is removed from the normal lead and one electron is added to the MBS (in either order), we get the rate
where the index a denotes these particular processes. Then, the decay of the local spin is characterized by the rate:
and the expectation value of the z-projection of the impurity spin satisfies the equation:
Considering the case ξ = 0 only, the total decoherence is
At finite temperatures, the coupling to the normal lead dominates, but in general, the two mechanisms for the decoherence produce the total decay rate
At first sight, the spin relaxation rate appears to be voltage independent, and only to depend on temperature. This is the simple minded estimate for Γ, as obtained in the lowest order perturbation theory. Higher order corrections can be summed up simply by replacing in Eq. (44) the bare couplings j and j M by their renormalized value
In this way the relaxation rate acquires a weak, logarithmic voltage dependence.
To check our estimates, we have compared them with the more elaborate results obtained within the fRG approach, where the full frequency renormalized couplings g(ω) and v(ω) were used to estimate Γ [51] . Figs. 9 and 10 present such comparisons.
The voltage dependence of Γ is shown in Fig. 9 for different temperatures. At T = 0, the only available relaxation processes involves resonant scattering between the normal lead and the MBS. In that regard, the high voltage limit, eV T K , is very well captured by our perturbative result, Eq. (43) . On the other hand, the offsets at T > 0 are due to the processes involving the normal lead. At any temperature, Γ(V ) decreases with the voltage, in contrast to the usual almost linear increase in the regular Kondo problem [51] . The temperature dependence is presented in Fig. 10 . As the scattering processes involve now mostly the normal lead, the ∝ T / ln 2 (T /T K ) dependence is recaptured.
V. NON-EQUILIBRIUM DIFFERENTIAL CONDUCTANCE
In the present section we present results for the nonequilibrium differential conductance. We start by introducing the current operator [51] , which in terms of time dependent couplings, becomes a nonlocal operator
Within the perturbation theory on the Keldysh contour, it can be evaluated order by order in dimensionless couplings. Here we restrict ourselves to the first order in the perturbative expansion:
with the time integral performed on the Keldysh contour. We assume the symmetric bias configuration, where the finite voltages ±V /2 are applied to the leads. When evaluating (47) , it is simpler to transform it to Fourier space, and compute the frequency integrals numerically using for the renormalized couplings the solutions obtained in Eqs. (38) . Then, the usual differential conductance is computed as
The results for G(V ) were already discussed to some extent in Sec I, and indicate that in some limits, the differential conductance becomes negative. In this section we shall extend our analysis, and try to present analytical results where possible. To obtain G(V ) at non-equilibrium, we have to calculate the average current, I , to second order in j M . Evaluating Eq. (47) by using the Green's functions defined in Appendix. B, we obtain
This result can be understood in terms of the scattering processes depicted in Fig. 3 (upper panel) . The first term in the bracket can be associated with a process in which an electron is scattered from a filled state in the normal lead into an available MBS state, while the second term is the backward process. In a given voltage configuration, because of the Fermi functions that enter Eq. (49), at T = 0 and finite ξ, the device acts as a diode that conducts only in one direction. Evaluating higher order contributions to the current, one obtains logarithmic corrections to the coupling j M . This is depicted in the upper panel of Fig. 3 , which indicates that the logarithmic corrections in the renormalized perturbative procedure amounts to the substitution (45) . Then, in the high voltage limit, |eV | T K , and for {T, ξ} V , the differential conductance has a somewhat simple analytical expression
The first term in the bracket is the leading logarithmic correction which was first obtained in Ref. [38] . As expected, at finite T , this term dominates at intermediate voltages, but under some specific conditions, when for example |eV | T , the subleading correction (second term in Eq. (50)) becomes the dominant one. The sign of the latter term is negative due to the fact that j M (−eV /2) decreases with increasing the voltage. Next, we will consider the case ξ = 0 for simplicity. At T = 0, the result for G(V ) obtained from Eq. (50) is plotted together with the fRG result in Fig. 3 , while the corresponding current curves are shown in Fig. 11 . The renormalized perturbative result is in perfect agreement with the fRG result over a wide range of voltages as long as eV max{T K , Γ}. At finite temperature, the leading term dominates at intermediate voltages, leading to a change of the sign in G(V ).
VI. CONCLUSIONS
In this work we have investigated in detail the acconductance and noise through a quantum dot in the local moment regime, which is coupled to a normal metal lead on one side, and to a topological superconductor on the other side. Starting with a single impurity Anderson Hamiltonian, we have used the Schrieffer-Wolff transformations [46] to map the problem to an effective Kondo model in which the coupling of the local spin to the Majorana modes is explicit.
The problem at equilibrium was investigated by using the powerful numerical renormalization group approach, supplemented by the perturbative calculations in the weak coupling regime. The ac-conductance and noise has a spectacular behavior: When the Majorana modes are coupled, a new energy scale T * emerges, that controls the low energy transport. We have identified this scale as a manifestation of the parity conservation in the absence of parity relaxation mechanisms. For frequencies below T * , the ac-conductance becomes suppressed, and as a result, the noise spectrum acquires a S(ω) ∼ ω 3 dependence. On the other hand, when the Majorana modes are not coupled, the low energy transport is entirely controlled by the Kondo physics, and transport is realized through cotunneling processes that excite the parity degrees of freedom.
To address the non-equilibrium situation, we developed a real time functional renormalization group (fRG) formalism and constructed a set of RG equations for the renormalized couplings. The structure of the RG equations is such that it sums up all the leading logarithmic contributions and is valid at any voltage V , temperature T , or frequency ω, under the condition that max{eV, T, ω} T K . This set of RG equations also indicates that the Kondo scale is not affected by the coupling to the Majorana modes, and is entirely controlled by the exchange with the normal lead. As the dynamics of the local spin is strongly affected by the decoherence effects, we have used a master equation approach to investigate how the spin decays, and we have computed the spin relaxation rate Γ. We have found that Γ has a slow logarithmic voltage dependence, but a faster T / ln 2 (T /T K ) variation with temperature. The RG equations have been solved numerically in the Fourier space, and then their solutions have been used to compute the temperature and voltage dependence of the differential conductance. We have found that in the limit T → 0, the differential conductance becomes negative. Increasing the temperature can change the sign of the differential conductance. In the weak coupling regime, our results agree with the ones presented in Ref. [38] , and show that the logarithmic increase in the transport coefficients is altered, and a much steeper increase emerges as the energy drops towards the Kondo scale. Measuring such anomalies in transport indicates the presence of the Majorana modes in the system. † σ (0) ,
The frequency dependent Green's functions are obtained by using the Fourier transform: 
−iGt σ (t) = 0 −it + a sgn(t) e −iµ L t ,
where a is the inverse bandwidth of the conduction electrons, which are assumed to have an exponentially decreasing density of states e −a |ω| .
